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If X is a set of points of P3 with the uniform position property, we study the 
structure of the Hilbert function of X with special care in the case when X lies on 
a smooth quadric Q. In this particular situation we also investigate the behaviour 
of the Hilbert matrix of A’ when the uniform position property is enlarged to the 
divisors of Q. c 1992 Academx Press, Inc. 
It is well known that the generic hyperplane section of a reduced 
irreducible curve of P’ has the uniform position property (see [ACGH, 
p. 1161). For points in P* it was first proved that both generic plane 
sections of irreducible curves of P3 and points with the uniform position 
property (UPP for short) have a same kind of Hilbert function, i.e., its first 
difference is “of decreasing type” (see [MR,]) and recently in [CO] it was 
shown that these two properties are indeed equivalent. 
In studying points in P3, one can obtain many different generalizations 
of the uniform position property. The most natural is to ask the points to 
have the uniform position with respect to the hypersurfaces (that is the 
usual UPP property) or, more strongly, to have the uniform position 
property with respect to the divisors of the irreducible surface of the 
smallest degree on which they lie (which we call for short strong-UPP 
property). Finally, according to what happens in P*, one can ask them to 
be the section of an irreducible curve of P3 with a generic surface. We will 
see that these properties are not equivalent, not even for points on a 
smooth quadric. In this paper we want to study the shape of ‘the Hilbert 
function for points in P3 lying on a smooth quadric with special care to the 
first two generalizations. We will deal with the third property in a 
forthcoming paper. 
After preliminaries and notation in the first section we investigate some 
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basic geometric properties for points on a smooth quadric having the UPP 
property. 
In Section 2, as a consequence of a well-known Gieseker’s lemma, (see 
[HI), we obtain some results on the first difference of the Hilbert function 
of points lying on a smooth quadric and we connect them to geometric 
properties for such points, thus generalizing analogous results obtained in 
[MR,] for points in P2. 
The main results are in Section 3 in which we give the behaviour of the 
Hilbert function and the Hilbert matrix for points on a smooth quadric 
with the UPP property or with the strong-UPP property. More precisely, 
Theorem 3.5 states that for points X with the strong-UPP property the 
diagonal-difference of the Hilbert matrix decreases in each diagonal at least 
by 2 “as soon as possible,” i.e., when it finishes to contain a minimal curve 
passing through X. When we apply this result to the Hilbert function we 
obtain (Corollary 3.6) that the first difference of it decreases at least by 2 
after a possible stay constant for a while. We will see also (Theorem 3.9) 
that the same structure for the first difference of the Hilbert function is 
obtained, using a different approach, for points just having the UPP 
property. 
NOTATION AND PRELIMINARIES 
Throughout the paper we will consider projective spaces PL = P’ over an 
algebraically closed field k of characteristic zero. 
For any closed subscheme Xc P3 we will denote by 
H(X, i) = dim,(S/Z(X))i= h”(P3, Q(i)) - h”(P3, Y,(i)) 
the Hilbert function of X, where S= k[x,, x,, x2, x3], Z(X) is the 
homogeneous (saturated) ideal of S which defines X, (S/Z(X)), means the 
ith graded component of the homogeneous coordinate ring of X, 0,,, is 
the structural sheaf of P3 and YX is the ideal sheaf of X in P3. When X is 
a zero-dimensional subscheme of P3, many facts about H(X, i) are known 
(see [R 1]). We will also use the following terminology: 
dH(X, i)=H(X, i)-H(X, i- 1) 
a(X)=min id% ( dH(X, i)# i i+2 ( )I 2 
=min{iE% 1 H”(P3, .YX(i))#O} 
b(X)=min iBa(X) / dH(X,i)< i a(X) + 2 ( > 2 - 1 + a(X)(i-a(X)) I 
t(X)=max{iE% 1 dH(X, i)#O}. 
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Note that a(X) is the smallest degree of a surface S containing X and 
b(X) is the smallest degree of a surface containing A’ and not containing S. 
In this case, all these integers are well defined and, when there is no 
confusion, we often use u, h, t for a(X), h(X), t(X). 
When Q is a smooth quadric with an assigned embedding in P3 and X 
a closed subscheme of Q, $> will denote the restriction of the ideal sheaf 
XX to Q. For any divisor $2~ Q of type (a, h), &,(a, h) will be the 
associated sheaf, and for any sheaf 9 on Q, .p(a, h) will just mean 
.F 0 o&7, b). 
We recall that, if C is a curve of type (a, b), a 6 h, on Q, it is 
dH(C, i) = 
i 
2i+ 1 for Odi<h 
u+h i 3 h. 
Furthermore, in this situation, we can define 
MAi, j) = h’(Q, flQ(i, j)) - h”(Q, .g;(i, j)) 
the Hilbert matrix of A’. For basic facts on the Hilbert matrix of X we refer 
to [GMR]. In particular, note that H(X, i) = M,(i, i). Because of the 
terminology used in [GMR], we will write 
dd~,(i,j)=Mx(i,j)-Mx(i- l,j- l), 
i.e., the differences on the diagonals, not to be confused with the differences 
by columns or by rows. 
For simplicity, we often omit the support of the sheaf on the cohomol- 
ogy groups. Here we use C.I. (u, h) for a one-dimensional subscheme of P3 
which is a complete intersection of two surfaces of degrees a and b, and we 
use C.I. (a, b, c) for a zero-dimensional subscheme of P3 which is a complete 
intersection of three surfaces of degrees a, b, and c, respectively. 
1. UNIFORM POSITION PROPERTIES 
Let us start by stating definitions and elementary properties for points in 
uniform position. 
DEFINITION 1.1. Let XcP3 be a set of points; we say that X has the 
uniform position property (UPP) if for every X’ c X it is 
H(X’, i) = min{ IX’/, H(X, i)} for all i 
(here 1 / means “cardinality”). 
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Remark 1.2. It is easy to see that X has the UPP if and only if for every 
X’ c X and for every point P E X’ it is 
dH(X’ - {P}, i) = 
i 
;“Hl;;; 1; _ 1 
if i# t(X’) 
if i= t(X’) 
PROPOSITION 1.3. Let X he a set of points with the UPP property and 
X’ c X such that dH( X’, i) < d H( X, i). Then dH( X’, j) = 0 for every j > i. 
Proof It is enough to use Remark 1.2. 1 
COROLLARY 1.4. Let XC P3 be a set of points with the UPP property 
lying on a unique C.I. (2, b); then every component of such a complete inter- 
section, say of type (x, y) # (b, b), can contain at most x + y + y* points of 
X (assuming x d y). 
Proof. Let C’ be the component of type (x, y) with x < y, contained in 
the complete intersection C of type (b, b), then dH(C’, i) < dH(C, i). Now, 
since dH(C’nX, y)<x+y and dH(X, y)=min{2y+ 1,2b}, we have 
dH(C’ n X, y) < dH(X, y). 
By Proposition 1.3 one obtains dH( C’ n X, i) = 0 for every i > y. So, 
dH(C’nX, i)<dH(C’, i) for i< y 
dH( C’ n X, i) = 0 for i> y 
and, finally, 1 C’ n X( d x + y + y2. 1 
We want to show that for points X with the uniform position property, 
there always exists an irreducible surface of degree a(X) (the smallest 
degree of a surface containing X). Indeed, we prove a little more. 
THEOREM 1.5. Let XC P3 be a set of points with the UPP property and 
denote IX/ =(“:‘)+h, with O<h<(dz3 ) (note that such d and h are always 
uniquely determined), and a = a(X). Then we have 
(1) if either a<d+ 1 or a=d+l and ha3 then every element of 
H”(,Ox(a)) is irreducible; 
(2) if a = d+ 1 and 0 d h d 2, then there is an irreducible element in 
~“(A4a)). 
Proof To prove (1) in case a < d + 1 it is sufficient to note that for 
every CI, fi E % it is 
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When a = d+ 1 and h 2 3, if H”(.Px(a)) contained a reducible element, say 
F. G with deg F= IY d deg G = fi, c( + B = a, we would have, by the UPP 
hypothesis on X, 
from which we obtain (p + 1)(/I + 4) > @(a + /I + 4) + 2h. 
This leads to a = 1 and then 4 3 2h, which is a contradiction. 
Let us suppose now that (2) is not true. First note that h’(&(a)) = 
(d13)-h>2(d+ 1) (unless the trivial cased= 1, h=2 in which the conclu- 
sion (2) is trivially true). This says by Bertini’s theorem that H”(9x(a)) has 
a fixed component, say S with deg S = 2 < a. Denote X’ = X- (Xn S). 
Then we would have 
H(X’,d+ 1 -ct)= 
Now, since (‘l’)-(‘+‘;‘+’ ) > 2 > h, an easy computation shows that 
d+l-c(+2 
3 > 
> H(X’, d + 1 - a). 
This just says that X’ is contained on a surface of degree ~-CC, therefore 
X should stay on a surface of degree d< a and we obtain the desired 
contradiction. 1 
Remark 1.6. Note that for points X with the UPP property belonging 
to a smooth quadric Q, despite the fact that there always exists an 
irreducible surface of degree 
h=b(X)=min{i32 (dH(X, i)<2i+ I}, 
through X, they do not necessarily stay on an irreducible curve of type 
(b, 6) on Q, as we show in the following example. 
On an irreducible curve of type (1, 2) of Q take 7 “generic” points (here 
“generic” just means 4 by 4 not on a plane); then take two more points on 
a line of type (1, 0), generic to the previous ones. By construction we 
obtain nine points X having the UPP property. In such a case it is b = 2 
and the unique (2, 2) passing through X is reducible. 
In [Rz] the structure of the Hilbert function of a set of points X on a 
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quadric Q was extensively studied. In particular, in the case when Q is 
smooth it was shown that if 
b=b(X)=min(i~2~dH(X,i)<2i+l), 
c=min(i>h\ XrC.I.(2,b,i)j, 
then dH(X, j) 2 dH(X, j + 1) + 2 for every j 2 c. Of course, the above c is 
not determined by the Hilbert function of X, but from geometric properties 
of such a scheme. For points with the UPP property we can give a naif 
bound to the value of c. Thereafter we will give a more complete result on 
the structure of the Hilbert function for points with the UPP property. 
PROPOSITION 1.7. Let A’ he a set of points with the UPP property 
contained on a smooth quadric Q. Set 
c’=min(i>h=b(x) 1 AH(X,i)<2h). 
If c’ > $b then X is contained in an irreducible C.I. (2, b), i.e., c = c’. 
Proof. First notice that the hypothesis c’> $b implies as well that X is 
contained in a unique C.I. (2, b). Let us suppose that such a complete inter- 
section is reducible with irreducible omponents C,, C2, ,.., C, and each Cj 
is of type (xi, y;), with xi< yi. By Corollary 1.4 on every C, there are at 
most xi+ y,+ yf points of X; therefore, 
Now a simple computation shows that the right side takes its maximum 
value when s= 2 and the two irreducible components are of the types 
(1, b - 1) and (b - 1, 1); in this case the value is 2b2 - 2b + 2. On the other 
hand, since 
i 
2i-t 1 for Ogi<b 
&3(X, if = 2b for b<i<c’ 
etc., 
it is IX/& b2 f 2b(c’- 6). So, we should have b2 + 2b(c’ -b) < 2b2 - 26 + 2; 
from which we obtain 2bc’< 3bZ- 2b+ 2, i.e., cl< ib - 1 + l/b < $b, the 
required contradiction. 1 
Using the example in Remark 1.6, one can see that for cr < $b the C.I. 
(2, b) can be reducible. 
The UPP property as defined in 1.1 concerns the generic behaviour of 
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subsets of X only with respect to the linear systems of surfaces of P3. But 
we can demand that the subsets of X are indistinguishable from each other 
with respect to the linear systems of the divisors of a surface in which they 
stay. For instance, one can prove that this stronger uniform property holds 
for the generic section of an irreducible curve of P3 with a smooth quadric. 
Note that this last geometric property (to be the section of an irreducible 
curve with a generic quadric) is indeed just a particular case of the strong 
uniformity about which we are talking. We will investigate these rela- 
tionships and the structure of the related Hilbert functions in a forthcoming 
paper. Hence the following definition makes sense. 
DEFINITION 1.8. Let Xc Q be a set of points on a smooth quadric, we 
will say that X has the strong-UPP property if for every X’ c X it is 
M.&i, j) = min{ IX’/, M,(i, j)} for all (i, ,j) E (Jz x R 
Remark 1.9. Since M,(i, i) = H(X, i), it follows that if X has the 
strong-UPP property, it has also the UPP property. Furthermore, as we 
described before, points which are a section of an irreducible curve with a 
generic quadric are in strong-UPP. 
In the sequel we will use the partial order on 91 x ‘fi induced by the usual 
total order on 54. Let us denote, for every k E 3, 
(ik,jk)X,=max{(i, j)E’%x% 1 j-i=kandd“M,.(i, j)#O). 
In analogy to what we stated in 1.2 we have 
Remark 1.10. It is easy to see that X has the strong-UPP property 
and only if for every X’ c X, for every point P E X’ and for every k E 3, 
AdM x,~ jpj(i, j) = AdMAi~ j) for (6 j Z (4, j,),, 
AdM,y,(i, j) - 1 for (i, j) = (ik, j,),.. 
An easy consequence of the definition of points X in strong-UPP is that 
a curve C of Q of type,(i, j) contains at least (i+ l)( j+ 1) points of X then 
C must contain X completely. Of course, Definitions 1.1 and 1.8 are not 
equivalent, as we can see in the following example. 
EXAMPLE 1.11. Take seven points on a rational non-degenerate cubic of 
P3 and two more points not on it and such that all nine points are 
“generic” (this just means that every four of them are not on a plane and 
every seven of them give independent conditions to the quadrics). So, by 
construction, these nine points have the UPP property, but they do not 
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have the strong-UPP property, since there are seven of them lying on a 
curve of type (1,2) (and not all); this contradicts the previous remark. 
2. HILBERT FUNCTIONS AND GEOMETRY 
FOR POINTS ON A SMOOTH QUADRIC 
The following results are crucial in our study of the structure of the 
Hilbert function of points with one of the uniform properties defined in the 
previous section. Indeed, they give meaningful information on the geometry 
of points on a smooth quadric, according to their Hilbert matrix or Hilbert 
function. 
Here, for simplicity, we make use of the following notation: for a set of 
points X on a smooth quadric Q, 
H0(6,, Y;(a, b)) =C,(a, b) and ffO(OQ, ~&, b)) = J?a, b); 
C will denote the generic plane section of Q; the linear system that C,(a, b) 
cuts on C will be denoted by a,(~, b) and its dimension by r,(a, b) (of 
course, deg ~,(a, b) = a + b); furthermore, we will denote by (ib, j,) E ‘8 x ‘$3 
a pair such that C,(i,,, j,) # 0 but C,(i, j) = @ for every (i, j) < (ib, j,) 
(note that such a pair is not unique); and finally, (i,.,j,)E!R will mean a 
pair such that C,(i,, j,.) contains an irreducible element, but C,(i, j) 
consists of only reducible elements for every (i, j < (i,., j,.). 
LEMMA 2.1. With the above notation, for every (a, b) 2 (ib, jh), 
r,(u, b)=u+b-A%&, 6). 
Proof Since C is a generic plane section of Q, we have 
r,(u, b) = dim C,(u, b) -dim ,&(a, b) - 1 
=(u+l)(b+l)-M,(u,b)-[ah-M,(u-l,b-l)]-1 
= a + b i k’M&, b), 
where &,(a, 6) denotes the linear system of the curves of type (a, 6) of Q 
containing Xu C. 1 
COROLLARY 2.2. For every (a, 6) 2 (ib, jb), 
ddA4x(a, 6) 2 ddM,(u+ 1, b); 
ddMx(u, 6) b AdA4,(u, b + 1). 
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In particular, 
ProoJ: Since a,(~+ 1, b)?o,(a, b)+ IPI, for every PE Q, we have 
rx(a + 1, b) Z r,(a, 6) + 1; hence, 
a+ 1 i-b-d”M,(ai- l,b)>afb-A”M,(a,b)+l 
from which we obtain the conclusion. fl 
Corollary 2.2 can be derived, by different methods, by Theorems 2.4 and 
2.6 of [GMR]. 
LEMMA 2.3. With the same notation, for every (a, b) 3 (i,., j,.) ttle have 
(1) if~PM,~(a-l,b)>O then d”M,~(a-l,b)>dJiM,(a,b). 
(2) ifddMx(a, b- I)>0 then ddM,(a,b- l)>ddM,(a,b). 
Inparticular, if(a,b)>(i,.,j,.)andddM,~(a-l,h-l)>l then 
d”M,(a-l,h-l)>ddM,(a,h)+l. 
Proof, Of course, it is enough to prove (1); the other statements are 
similar or consequences. 
If (a- 1, b) is not greater than or equal to (ih, j,), it is M,(a- 1, b) = 
a(b+l) and M,(a-2,h-l)=(a-1)b; hence, ddM,(a--l,h)=a+h. 
On the other hand, since (a, b) 3 (iC, j,.) 2 (ih, j6), it is 
~~(a,b)=(a+l)(b+l~-h 
with 
h>O and M,(a-i,b--l)=ab; 
therefore, ddM,(a, b) = a + b - h. So, in this case, 
ddM,(a- 1, b- l)>ddM,(a, b) 
trivially. Thus, we can suppose (a- 1, b) 2 (ih, ,jh). If a> i,., from 
Lemma 2.1, we have 
rx(a- 1, b)=a- 1 +b-ddM,Y(a- 1, b)<a-1 t-b. 
This means, because of our choice of C and (a, b), that cx(a - 1, b) has no 
fixed points and it is not complete; so, by the Gieseker lemma, 
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On the other hand, by ~,(a, b)za,(a- 1, b) + IPI, we obtain 
r,(u, b)>r,(a- 1, b)+2 
and this implies 
a+h-d~M,(a,b)3a-1+h-d~M,(u-l,h)t2, 
from which the conclusion of (1) follows. 
If a = i,., let us suppose ddMX(u - 1,6) = d”M,(u, 6). In this situation, 
by a straight computation of the dimensions of the linear systems and the 
inclusions, 
we should have aX(u - 1,6) + IPI = o,(u,b) and, by the Gieseker lemma, 
aX(u - 1,6) should be complete with ddM,(u - 1, b) > 0 fixed points. But, 
aX(u - 1,6) + IPI has the same fixed points as aX(u - 1, b); this gives us a 
contradiction, as a,(~, h) has no fixed points. 1 
Note that, whenever (a, b) = (i,, j,.) and, of course, 
(u,b-l)>(i,,j,) or (a- l,b)~(i,,j,), 
it is AdM,(u - 1, b - 1) > d”M,(u, 6). 
Remark 2.4. We recall that M,(i, j) satisfies many numerical condi- 
tions, in particular, M,(i, j) = /Xl for every (i, j) 9 (0,O); from this, it 
follows that ddMX(i, j) = 0 for every (i, j) ti (0,O) and then 
Hereafter in this section Z,(S, b) will denote the base-locus of the linear 
system H”(CJQ, Y;(a, b)). In the case when dim Z,(u, b) =O, the next 
proposition gives bounds to its cardinality. 
PROPOSITION 2.5. Let XC Q be a set of points on a smooth quudric such 
that H”(Y&(u, b)) has no fixed components. Set 
h’(.Y>(u, b)) = a, h’(&(u- 1, b- l))=fl, 
ddM,(u, b)=u+b+ 1 -z+fi=r; 
then we have 
(a+ l)(b+ 1)--a< IZ,(u, b)J <ub-~+r(r2+2~)/41 
(here rx] means the least integer bigger than or equal to x) 
481/149/l-8 
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ProojI The first inequality is trivial. For the second one, put 
Z=Z,(a, b) and observe that the hypothesis on H’(.F&(a, h)), the 
Lemma 2.3, and the equality H’(.P; (a, h)) = F1°(9>(a, h)) imply 
so that 
z 2 ddM,(a, b) 2 k’M,(u + 1, b + 1) + 2 
3 LPM,(u + 2, b + 2) + 4 2 . ..) 
and, by Remark 2.4, we obtain IZI=M,(a--I, b-1)+C,~,ddh4,(u+i, 
b f i) and this leads to the conclusion. m 
We will give bounds on the number of points which can stay on the fixed 
components of H’(.F;(a, h)), when they exist. 
If XC Q is a set of points on a smooth quadric and r is a curve of Q 
of type (a, b), we can give a first bound to [Xn r/ just using the Hilbert 
matrix of X. 
PROPOSITION 2.6. Let Xc Q be a set of points on a SF~OO~~ q~u~~ic and 
r be u CUFW on Q of f.ype (a, b). Then 
lXnf/ <u(m+ l)+b(n+ If-ab+ c d”M,(a+i,m+i) 
1-I 
for every (n, m) >, (a, b). 
Proqfi Let X” = X-X n r; we have 
h’(Y;i(n, m)) > h’(+a&(n -a, m - b)) 2 (n - u + 1 )(m - b -+ 1) - IX”1 
=(n-a+ l)(m-b+ l)- IXI+ IXnrl. 
On the other hand, 
h”(&(n, m)) = (a + l)(m + I) - ~,(n, m) 
i 
cx 
=(n+ l)(m+ if- /XI - 1 ~~~~(~+~,rn+~) . 
i=i ! 
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Hence, 
IXnrl<(n+l)(m+l)-(n-a+l)(m-b+l) 
+ f ddM,(n+i,m+i), 
i= 1 
and the claim follows. 1 
COROLLARY 2.7. With the previous notation, for every s 2 b, it follo++‘~ 
that 
/XnfjdH(f,s)+ f dH(X,s+i). 
i=l 
Proof It is an easy consequence of Proposition 2.6 for n = m = s. 
Remark 2.8. The best value of the bound in the previous corollary is 
obtained for s=min{i>,b I dH(X, i)<a+b}. 
LEMMA 2.9. If H’(Yk(r, s)) has fixed components of positive dimension, 
put r the set of such components, say C$ type (a, b), and x’= Xn r, 
X” = X - X’ ; then we have 
(1) H’(.Y&(r - a, s - b)) has no fi.xed components of positive dimen- 
sion. 
(2) AJiM,**(i, j) = ddM,fi + a, j -t b) - a - b for every (i, j) d 
(r-a,s-b). ~np~rt~c~~ar~ ~d~~(r,s)~a+b. 
(3) (i) ddM,,,(r-a- 1, s-b)>0 if and only if d”M,(r- 1, s)> 
ddMx(r, s). 
(ii) ddM,&r-a,s-b-l)>0 Q” and onZy if ddM,(r,s--I)> 
ddMx(r, s). 
(iii) Zf I’ is also the fixed component for H”(9$(r- 1, s)) or 
H’(,ll>(r, s - l)), then ddM,.(r - a - 1, s - b - 1) > 1 if and only if 
ddM,(r - 1, s- 1) > ddM,(r, s) + 1. 
Proof (1) is immediate. 
(2) M&i,j)= (i+ l)(j+ l)-hO(&*(i,j)) 
=(i+ l)(j+ 1)-h*(~~(~+a,~+b)) 
=(i+l)(~+l)-(~+a~l)(~+b+l)+~~~(~+a,~+b) 
= -a(j+ I)-b(i+ l)-ab+M,(i+a,j+b). 
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Similarly, 
M&i-- l,j- l)= -qj-hi-ah+M,(i+a- 1, j+h- 1) 
for every (i, j) < (Y - a, s - b), from which the claim follows easily. 
(3) (i) If ~“M,(I- - u - 1 , s - b) > 0 by Lemma 2.3 one obtains 
dJM,+(r- a - 1, s-h) > AdM,..(r - c(, s-h); now, by using (2) we obtain 
the required result. 
(ii) Can be proved similarly. 
(iii) Can be proved easily by applying ( 1) and (2) to 
H”(.Y>(r- 1, s)) or H’(.&(r, s- 1)). i 
THEOREM 2.10. Under the same h~~~these.~ arrdnotation qf the previous 
~e~~rna. wehffue 
.w-r(y: +2~+)/4~d/x’idN 
where 
N=a(s+ l)+h(r+ l)-ab+ f ddM,(r-ta+i), 
;= I 
Proof: The inequality on the right side follows by Proposition 2.6. On 
the other hand, by Lemma 2.9( 1) and Lemma 2.3, one obtains 
dd~~,.(r-u,s-h)~dd”M,..(r-a+ l,s-h+ 1)+2> . . . . 
Set M = d”Mxss(r - a + 1, s - h + I), since 
IX”/ =~x4r-a,s-h)+ i ddM,-(r-a~i,.~-h+i), 
i= I 
it follows that 
IX”1 $ M,.(r - a, s - h) + r(cr* + 21x)/41. 
But, by Lemma 2.9(2), ddM,.(r -a, s - b) = ddA4,(r, s) - a - b. Hence, 
either a=0 or a~dJM,.(r-a,s-b)-2=ddM,(r,s)-a-b-2. It 
follows that 
lx”/ d M,~,(r - ff, s - h) + r(yJ + 2y + l/47 
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But, taking into account the hypothesis on H”(9;(r, s)), it is 
hO(Y>(r, s))=hO(.Yy(r-a, s-b)), 
from which 
(1. + 1 )(s + 1) - M,(r, s) = (r - a + 1 )(s - h + 1) - M,.Jr - a, s - h). 
Therefore, 
Ix”1 <M,(r,s)-a(s+ 1)-b(r+ l)+ab+r(y: +2g+)/41. 
In conclusion, 
3 1x1 -M,(~,s)+cz(s+ l)+b(r+ l)-ah-r($+ +2y+)/41 
=w-b: +2~+)/41. I 
COROLLARY 2.11. Zf A”M,(r, s) 6 a + h + 2, on the fixed component r 
there are exactly a(s + 1) + b(r + 1) - ah + C,T=, AdM,(r + i, s + i) points of 
X. In particular, if H”(P3, .YX(s)) has a fixed component of degree 
AH(X, s) - 2, then 
IXnfl=H(T,s)+ 1 AH(X,s+i). 
1=I 
Proof: It follows directly from Theorem 2.10. 1 
THEOREM 2.12. Let (a- l,h- l)>(ih,jh); if 
AdM,(a- 1, b- l)<A”M,(a, b)+ 1 
then, either @(.a>(~, 6)) h as a fixed component r of type 
x + y = A”M,(a, b) and 
IXnrl =x(b+ l)+ y(a+ l)-xy+ f AdM,(a+ 
r=l 
(x, y) such that 
i. b+i) 
or H”(9>(a- 1, b- 1)) has a fixed component r’ of type (x’, y’) such that 
x’+ y’=A”M,(a- 1, b- 1) and 
IXnZ-‘I =k’b+ y’a-x’y’+ t AdM,(a-l+i,b-I+i). 
,=l 
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Proof: The hypotheses and Corollary 2.2 lead to the following two 
cases: 
I. d”M,(a- 1, b) = AdMX(a, b) or 
II. d%&(u- 1, b)=d%& - 1,6- 1). 
In the first case Lemma 2.3 implies that H’(.Fl,(a, b)) has a lixed compo- 
nent f of type (x, y). Then, setting X” =X- Xn r, by Lemma 2.9(2), one 
has 
so, in such a case, by Lemma 2.9(3)(i), it will be d”‘M,,.(a - x - 1, b- y) 
=O, from which it follows that x + y = kM,(a- 1, b)= &M,(a, b). 
Then, by Corollary 2.11 it follows that 
In case II, by Lemma 2.3, it follows that ~‘(~~(u - 1, b)) has a fixed 
component F’ of type (x’, y’) which, by the same arguments as before, 
will be of degree x’+y’=ddM,(a-f,b)=&M,(a--l,b-1). But, 
H’(Y>(a- 1, b- 1)) has a fixed component rz r’ whose degree is less 
than or equal to d”M,Y(a - 1, b - 1 ), by Lemma 2.9(2) again, This implies 
r= r’. 
Obviously, if ddM,(a - 1, b - 1) = d”M*(a, b), then both IJ’(.Y&(a, 6)) 
and H’(,f’,(a-- 1, b- 1)) have the same fixed component of type (x, .y) 
with x+y=AdM,(a, b). m 
When we apply Theorem 2.12 to the Hilbert function of X we obtain 
COROLLARY 2.13. Zf dH(X, s - I) d dH(X, s) + 1, then either 
H”(P3, -ax(s)) has a fixed component I- of degree AH(X, s) and 
lXnr/=H(r,s)+ f BH(X,s+i) 
i= 1 
or Ho(P3, -ax(s - 1)) h as a fixed compment r’ of degree AH( X, s - 1) and 
(Xnr’l=H(T’,s-l)+ f dH(X,s-l++). i 
r=l 
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3. STRUCTURE OF THE HILBERT FUNCTION 
The results of the previous sections allow us to give conditions on the 
structure of the Hilbert function and the Hilbert matrix for points XC Q 
having the UPP property or the strong-UPP property. We start the section 
by proving the following: 
PROPOSITION 3.1. Let XC Q be a set of points having the strong-UPP 
property. Then any minimal system of curves through X qf type (a, b) with 
0 c a 6 b, contains at least an irreducible element. 
Proof. Let us assume H’(Y&(a, b)) is reducible. Then, by Bertini’s 
theorem (see [Ha]), two possibilities can occur: 
(1) the linear system H’($‘,(a, b)) has a fixed component I- of type 
t-x, I’)< (a, b); 
(2) the generic curve of H’(.Y>(a, b)) splits in k 2 2 components of 
type (r, s) < (a, b) moving on a pencil. 
In case (l), set X’=Xnr, X”=X-X’, and d= h0(9>(a, b))= 
h”(Y$.(a - x, b - y)). Since M,(a, b) = (a + l)(b + 1) - d, it follows that 
1x1 > (a + l)(b + 1) - d. On the other hand, IX’1 > d by the minim&y 
of the system H”(9&(a, b)). Then there exists a curve r, in 
H’(Yi.(a- x, b- y)) through d- 1 points x” of X’. If IX”I > 
(a-x+ l)(b- y+ l)-(d- l), then (a-x+ l)(b- y+ 1) points should 
belong to r,; this contradicts the strong-UPP property. Therefore, 
IX’1 = IA’- IX”1 >(a+ l)(b+ 1)-d-(a-x+ l)(b- y+ l)+d 
=XY+X+ y+ [x(b- y)+ y(a-x)] >xy+x+ y+ 1 
as a # 0 and that again contradicts the strong-UPP hypothesis. 
In case (2), if (a, b) = k(r, s), then 1x1 < k(rs + r + s); but 
h”(OQ(kr - 1, ks)) = k’rs + kr > k(rs + r + s). 
This means that there exists at least a curve of type (a- 1, b) through X, 
contradicting the minimality of H’(Sl,(a, 6)). 1 
Remark 3.2. (i) In the above proposition we assumed a # 0 because, 
for 1x1 = n, the linear system H’(S>(O, n)) is minimal and contains a 
unique curve consisting of n lines. 
(ii) In Proposition 3.1 we saw that any minimal system of curves 
through X must contain an irreducible element. Actually, a straight 
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computation shows that all the curves in such systems are irreducible, 
except in the following two cases: 
(I) X consists of six generic points: H’(JJ;(2, 2)) is a minimal 
system and contains reducible elements (both union of two (1, 1 )-curves or 
union of a (2, 1 )-curve with a (0, 1 )-line). 
(II) For 0 < a d h take ah + h points in the following way: ah + h ~ 1 
generic points on a curve r’ of type (a, h - 1) and a further point P on a 
line L of type (0, 1). For a set X of points chosen in such a way the linear 
system H”(Y>(a, h)) is minimal and contains the curve I-= r’ u L. 
EXAMPLE 3.3. The Proposition 3.1 is not true for a set of points having 
only the UPP property; indeed, the current example shows a set X of 
points for which a minimal curve through them necessarily splits and, in 
addition, there exists a linear system of curves, not all containing the given 
minimal curve, but nevertheless having a fixed component of positive 
dimension. 
Let us consider on a quadric Q an irreducible curve r of type (1, 3) and 
take on it 11 generic points (here generic means 4 by 4 not on a plane, 9 
by 9 not on another quadric). Let us take a further point P 4 r, generic 
with respect to the previous points. The set X of the 12 considered points 
has the UPP property by construction. If L is the (1, 0)-line through P, the 
curve Tu L is the only (2, 3)-curve through X; therefore it is minimal. On 
the other hand, the linear system H0(.g>(2, 4)) does not contain Tu L, as 
a fixed component, but contains I-, since the generic (2,4)-curve meets L 
in 11 points, rather than 10. 
Remark 3.4. Note that, if X is a set with 1x1 = n and for every X’ c X 
with IX’/ = (i + 1 )(j + 1) < n no curves of type (i, j) contain X’, while for 
(i + l)(j + 1) 3 n it is M,(i, j) = n, then X has the strong-UPP property. If 
such a property holds just for i = j, then X has the UPP property. We used 
this fact in the previous example to state that the 12 points had the UPP 
property. 
We are now able to prove the following: 
THEOREM 3.5. Let Xc Q he a set of points having the strong-UPP 
property. Let (a,, 6,) be a minimal element in { (i, j) 1 M,( i, j) < 
(i+ l)(j+ 1) and i#O}. Th en, or every (x, y) 3 (a,, b, ), we have either f 
(1) M,(x, y)=(x+l)(y+l)-(x-u,+l)(y-b,+l) and in such 
u case h”(Yk(ul, b,) = 1 and every curve in H’(.F>(x, y)) contains the curve 
of type (a,, b,); or 
(2) ffddMx(x, y)> 1 then ddM,(x, y)3ddM,(x+ 1, y+ 1)+2. 
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Proc$ If h’(.Y;(a,, hi)> 1 then, by Proposition 3.1, it follows that 
(i,., j,.) = (a,, b,) and we obtain the conclusion by applying Lemma 2.3. 
If @(&(a,, b,) = 1 and M,(x,y)#(x+l)(y+l)-(x-a,+l) 
(y-b, + l), then in H’(.Y;(x, y)) there exists a curve not containing the 
minimal curve (a,, b,) so that, by Proposition 3.1, again, Lemma 2.3 can 
be applied to (x, JJ) and then we obtain the conclusion. 1 
When we apply the previous theorem to the Hilbert function, we obtain 
the following: 
COROLLARY 3.6. Let XC Q be a set of points in strong-UPP. Then, 
either AH(X, - ) decreases at least by two ,from b or there exists an integer 
n > b such that 
AH(X, i) = 
AH(X, b) = h for b<ifn-1 Mithb<h<2b (*) 
decreases at least by two from n. 
Proof. If h = 2b then n = c = min{ i 3 b ( AH(X, i) < 2b}, since there are 
both a minima1 (b, b)-curve through X, irreducible by Proposition 3.1, and 
a (c, c)-curve, not containing the mentioned (b, b)-curve. So, the corollary 
follows by the previous theorem. 
If h <2b, put h=2b-d; then it will be h’(Y;(b, b))=d+ 1. So that, 
either H”(Jx(b)) has an irreducible element, in that case AH(X, -) 
decreases at least by two from b by the above theorem, or X is contained 
in a minimal irreducible curve r of type (u, o) < (b, b), with 0 < u < u (if 
u=O this would imply the trivia1 case when X is on a line). Taking into 
account the hypothesis on b, it follows that u= b and, by dimension 
arguments, u = b - d = h - b. Hence, h > b. 
Put n =min(i> b 1 AH(X, i) <h} and observe that H”(&(n)) has no 
fixed components of positive dimension (since it does not contain r which 
was irreducible); therefore, the previous theorem can be applied starting 
from n. 1 
It is worthwhile to note that, if XC Q is a set of points in strong-UPP 
and A H(X, i) = 2b - d for i = b, . . . . n-1, with n-l>b, then Xlies on a 
unique irreducible curve of type (b-d, b). So that, when d 3 b or 
AH(X, b) 6 b, then AH(X, -) must decrease by at least two from b. 
We show that the same conclusion as the above corollary can be 
obtained by just assuming that X is only in UPP. 
EXAMPLE 3.7. Of course, there exist sets of point with the strong-UPP 
property for which the case n > b + 1 occurs. It is sufficient to construct 
19 points in strong-UPP on an irreducible (1, 3)-curve. It is easy to check 
that the first difference of the Hilbert function for these points looks like 
1 3 5 4 4 2 o+. 
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COUNTEREXAMPLE 3.8. Corollary 3.6 only gives a necessary condition 
on the first difference of the Hilbert function of sets of points in strong- 
UPP. In fact, there are sequences of integers which satisfy conditions (*) of 
the above corollary but which cannot be the first difference of the Hilbert 
function of any set of points in strong-UPP. Let us consider the sequence 
n:l 3 5 7 9 6 6 4 2 O--t. 
If there were on Q 43 points X in strong-UPP such that dH(X, - ) = x, by 
Corollary 3.6, Coroliary 2.13, and Proposition 3.1, they should stay on a 
unique irreducible (1,5)-curve and, on the other hand, there should exist 
a (7,7)-curve through X not containing the above (1,5)-curve. But two 
such curves meet in just 42 points. 
THEOREM 3.9. Let Xc Q be a set u~pui~t~ with the UPP property. Then, 
dH(X, - ) satisfes conditions (*) of Coroflary 3.6. 
Proof: If dH(X, -) decreases at least by two starting from b, the 
conclusion follows for n = b. Otherwise, there exist integers i such that 
bgi<t- 1, for which dH(X, i)<dH(X, i+ 1)-i- 1. Denote 
andh=dH(X,n- 1). 
It will be enough to prove that dH(X, i) =h for every i such that 
b,<i<‘n--1. Namely, if it were dH(X,Z)>h for hd5<n-1, since by 
Theorem 2.12, HO($x(pl - 1)) must have a fixed component r of degree k 
or h - 1, then AH{& 2) < dH{X, i). Therefore, X- T# 0. Let PE X- r 
and x’= X- (P). Then 
dH(X’, i) = dH’X’ If 
i 
for ifr 
dH(X, i)- 1 for i=r, 
where r has to be a suitable integer less than or equal to n - 1. In fact, if 
it were r 2 n, by Corollary 2.11, 
but, this is not the case, since P$ r This is a contradiction because, by the 
I-JPP property and Remark 1.2, r should be equal to t. 1 
Remark 3.10. Notice that, if X is in UPP, by Theorem 3.9, BH(X, - f 
decreases at least by two starting from n. But it can happen that 
dH(X, n - 1) = dH(X, n) + 1, as shown by the following example: 
Consider an irreducible (2,4)-curve r on Q and intersect F by the 
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generic surface S of degree 6. By a generalization of the uniform position 
lemma (cf. [ACGH]) the points X= Tn S have the UPP property and 
IX]= 36. On the other hand, using Theorem 3.9, one shows that dH(X, - ) 
takes the form 
1 3 5 7 6 6 5 3 0-t. 
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